Abstract. It is an interesting question whether a given equation of motion has a periodic solution or not, and in the positive case to describe them. We investigate periodic magnetic curves in elliptic Sasakian space forms and we obtain a quantization principle for periodic magnetic flowlines on Berger spheres. We give a criterion for periodicity of magnetic curves on the unit sphere S 3 .
Introduction
It has been a long-standing problem to find closed trajectories in dynamical systems on manifolds. The existence of closed trajectories turns out to be subtle and closely related to topology and geometric structures of the manifolds.
For example, the following fundamental existence theorem of closed geodesics is well known.
For any compact Riemannian manifold (M, g), in each element in the fundamental group π 1 (M ), there exists a closed geodesic which attains the minimum of the energy functional in the homotopy class.
One of the interesting generalizations of the notion of geodesic is that of magnetic curve.
Magnetic curves represent, in physics, the trajectories of the charged particles moving on a Riemannian manifold under the magnetic forces. Geodesics are magnetic curves with free magnetic field. Moreover, magnetic curves are characterized as critical points of the LandauHall functional.
In any 3-dimensional Riemannian manifold (M, g), magnetic fields of nonzero constant length are in one to one correspondence to almost contact structure compatible to the metric g (cf. [3] ). This fact motivates us to study magnetic curves in almost contact metric 3-manifolds (with closed fundamental 2-form).
As we have mentioned above, magnetic curves are derived from the variational problem of the Landau-Hall functional. From variational point of view, the existence of global potential for magnetic fields is a natural assumption. Based on these observations, we study magnetic curves in 3-dimensional contact metric manifolds, especially in Sasakian manifolds.
In [15] , Taubes proved the generalized Weinstein conjecture in dimension 3, namely, on compact, orientable, contact 3-manifold the Reeb vector field ξ has at least one closed integral curve. In conjunction with this problem it is important to explore the existence of periodic magnetic trajectories of the contact magnetic field defined by ξ in Sasakian manifolds. We know (see [8] ) that the study of magnetic curves in Sasakian space forms of arbitrary dimension reduces to their investigation in dimension 3.
In 2009 Cabrerizo et al. [7] have been looked for periodic orbits of the contact magnetic field on the unit sphere S 3 . See also [2] . In this paper we study closed magnetic curves in arbitrary elliptic Sasakian space forms.
2. Preliminaries 2.1. Magnetic curves. The motion of the charged particles in a Riemannian manifold under the action of the magnetic fields are known as magnetic curves. More precisely, a magnetic field F on a Riemannian manifold (M, g) is a closed 2-form F and the Lorentz force associated to F is a tensor field φ of type (1, 1) such that
A curve γ on M that satisfies the Lorentz equation
is called magnetic trajectory of F or simply a magnetic curve. Here ∇ denotes the Levi Civita connection associated to the metric g. Lorentz equation generalizes the equation of geodesics under arc length parametrization, namely, ∇γγ = 0. A magnetic field F is said to be uniform if ∇F = 0.
It is well-known that the magnetic trajectories have constant speed. When the magnetic curve γ(s) is arc length parametrized, it is called a normal magnetic curve.
The dimension 3 is rather special, since it allows us to identify 2-forms with vector fields via the Hodge operator and the volume form dv g of the (oriented) manifold. In this way, magnetic fields may be identified with divergence free vector fields by
Magnetic fields F corresponding to Killing vector fields are usually known as Killing magnetic fields. Their trajectories, called Killing magnetic curves, are of great importance since they are related to the Kirchhoff elastic rods. See e.g. [3, 5] .
Sasakian manifolds.
A (ϕ, ξ, η) structure on a manifold M is defined by a field ϕ of endomorphisms of tangent spaces, a vector field ξ and a 1-form η satisfying
If (M, ϕ, ξ, η) admits a compatible Riemannian metric g, namely
then M is said to have an almost contact metric structure, and (M, ϕ, ξ, η, g) is called an almost contact metric manifold. Consequently, we have that ξ is unitary and η(X) = g(ξ, X), for any X ∈ X(M ).
We define a 2-form Ω on (M, ϕ, ξ, η, g) by
called the fundamental 2-form of the almost contact metric structure (ϕ, ξ, η, g).
On a contact metric manifold M , the 1-form η is a contact form (see Blair's book [6] ). The vector field ξ is called the Reeb vector field of M and it is characterized by ι ξ η = 1 and ι ξ dη = 0. Here ι denotes the interior product. In analytical mechanics ξ is traditionally called the characteristic vector field of M .
An almost contact metric manifold M is said to be normal if the normality tensor S = N ϕ (X, Y ) + 2dη(X, Y )ξ vanishes, where N ϕ is the Nijenhuis torsion of ϕ defined by
A Sasakian manifold is defined as a normal contact metric manifold. Denoting by ∇ the Levi Civita connection associated to g, the Sasakian manifold (M, ϕ, ξ, η, g) is characterized by
As a consequence, we have
A contact metric structure (ϕ, ξ, η, g) is called K-contact if ξ is a Killing vector field. Due to (2.4) and the fact that ϕ is skew-symmetric, it follows that a Sasakian manifold is K-contact. The converse is not true in general. Yet, a 3-dimensional manifold is Sasakian if and only if it is K-contact.
) is said to be a Sasakian space form if it has constant ϕ-sectional curvature.
Take a positive constant a and define a new Sasakian structure (ϕ,ξ,η,ĝ) on M bŷ
This structure is called a D-homothetic deformation of (ϕ, ξ, η, g). In particular, if M (c) is a Sasakian space form, then deforming the structure we obtain also a Sasakian space form M (ĉ), whereĉ = c+3 a − 3. For every value of c there exists Sasakian space forms, as follows: the elliptic Sasakian space forms, know also as the Berger spheres if c > −3, the Heisenberg space R 2n+1 (−3), if c = −3, and B 2n × R when c < −3. See also [6, Theorem 7.15] . Notice that the case c > −3 includes the standard unit sphere S 2n+1 (1).
2.3.
Magnetic curves in Sasakian manifolds. Let (M, ϕ, ξ, η, g) be a contact metric manifold and let Ω be the fundamental 2-form defined by (2.3). Since Ω = dη on a contact metric manifold, Ω is a closed 2-form, thus we can define a magnetic field on M by (2.5)
where X, Y ∈ X(M ) and q is a real constant. We call F q the contact magnetic field with the strength q. Notice that if q = 0, then the contact magnetic field vanishes identically and the magnetic curves are the geodesics of M . In the sequel we assume q = 0.
The Lorentz force φ q associated to the contact magnetic field F q may be easily determined combining (2.3) and (2.1), namely
where ϕ is the field of endomorphisms of the contact metric structure.
In this setting, the Lorentz equation (2.2) can be written as
where γ : I ⊆ R → M 2n+1 is a smooth curve parametrized by arc length. The solutions of (2.7) are called normal magnetic curves or trajectories for F q .
Let F = F V be a magnetic field with corresponding divergence free vector field V on a 3-dimensional Riemannian manifold (M, g).
Then one can check that the Lorentz force φ of F satisfies ( [4] , page 7):
Moreover, we have
Here V denotes the 1-form metrically dual to V . Thus if V has constant length q > 0, then (ϕ, ξ, η) = (φ/q, V /q, V /q) defines a (ϕ, ξ, η)-structure compatible to the Riemannian structure g satisfying divξ = 0. The magnetic field F is represented by F = qΩ as a contact magnetic field on the resulting almost contact metric manifold (M, ϕ, ξ, η, g).
Elliptic Sasakian space forms
In this section, we shall give an explicit matrix group model of a simply connected elliptic Sasakian space form M 3 (c).
As is well known, the unit 3-sphere (S 3 ; η 1 , ξ 1 , ϕ 1 , g 1 ) is identified with the special unitary group G = SU(2) with bi-invariant metric. In this section we shall give a SU(2)-model of M 3 (c).
Let us denote the Lie algebra of G by g. The bi-invariant metric g 1 of constant curvature 1 on G is induced by the following inner product ·, · 1 on g:
Take a quaternionic basis of g:
By using this basis, the group SU(2) is described as
In the spinor representation of the Euclidean 3-space E 3 , we identify R 3 with g = su(2) via the correspondence
Denote the left translated vector fields of {i, j, k} by {E 1 , E 2 , E 3 }. Then a left invariant Sasakian structure of G is given by
The Lie group G acts isometrically on the Lie algebra g by the Ad-action.
The Ad-orbit of k/2 is a sphere of radius 1/2 in the Euclidean 3-space E 3 = g. The Ad-action of G on S 2 (1/2) is isometric and transitive. The isotropy subgroup of G at k/2 is
Hence S 2 (1/2) is represented by SU(2)/U(1) as a Riemannian symmetric space. The natural projection
is a Riemannian submersion and defines a principal U(1)-bundle over S 2 (1/2).
Since the Sasakian structure (η 1 , ξ 1 , ϕ 1 , g 1 ) is left invariant, its D-homothetic deformation is also left invariant. Hence the elliptic contact space form M 3 (c) is identified with SU(2) endowed with the left invariant contact metric structure:
, where α is a positive real number. The Reeb vector field ξ generates a one parameter group of transformations on M 3 (c). Since ξ is a Killing vector field, this transformation group acts isometrically on G. The transformation group generated by ξ is identified with the following Lie subgroup K of G:
Furthermore, the action of the transformation group generated by ξ corresponds to the natural right action of K on G: 1) is represented by G × G/G as a Riemannian symmetric space. Note that M 3 (1) has 6-dimensional isometry group. Now we shall take an orthonormal frame field {e 1 , e 2 , e 3 } of M 3 (c) by The Levi-Civita connection ∇ of (M 3 (c), g) is described by ∇ e 1 e 1 = 0, ∇ e 1 e 2 = e 3 , ∇ e 1 e 3 = −e 2 , ∇ e 2 e 1 = −e 3 , ∇ e 2 e 2 = 0, ∇ e 2 e 3 = e 1 , ∇ e 3 e 1 = c + 1 2 e 2 , ∇ e 3 e 2 = − c + 1 2 e 1 , ∇ e 3 e 3 = 0.
The Riemannian curvature tensor field R of (M 3 (c), g, ∇) is described by R 1212 = c, R 1313 = R 2323 = 1, and the sectional curvatures are:
The Ricci tensor Ric and the scalar curvature scal are computed to be Ric 11 = Ric 22 = c + 1, Ric 33 = 2, scal = 2(c + 2).
Magnetic trajectories in 3-dimensional elliptic Sasakian space forms
Let us consider a normal magnetic curve with respect to the magnetic field F q = qΦ, where q ∈ R is the strength and Φ is the fundamental 2-form defined by Φ(X, Y ) = g(ϕX, Y ). Thus, the Lorentz force is φ = qϕ.
Let us expand the tangent vector field T (s) = γ (s) as T (s) = T 1 (s)e 1 + T 2 (s)e 2 + T 3 (s)e 3 . Then the tension field τ (γ) is
From the third equation we have cos θ := T 3 is constant.
Hence, the magnetic equation τ (γ) = qϕT is
where we putq = q + 1 2 (c − 1) cos θ. Integrating, we obtain T 1 (s) = cos(qs) T 1 (0) + sin(qs) T 2 (0),
One can see that κ = |q| sin θ.
If we consider α = 1, then c = 1 andq = q.
Remark 1. If γ(s)
is a normal magnetic curve in M 3 (1), for a certain strength q, then, after an affine change of the parameter, γ becomes a normal magnetic curve in M 3 (c) with a different strengthq. See for details [8] .
As we have seen in Section 3 we have a circle bundle
where the projection π is defined by π(a) = Ad(a)(rk). If S 2 (r) ⊂ su(2) ≡ E 3 is endowed with the induced metric from , 1 then π becomes a Riemannian submersion from (M 3 (c), g) onto S 2 (r) if and only if r = √ α 2 .
The correspondence a → ker η a , a ∈ M 3 (c) defines a connection in this principal U(1) bundle, hence if A ∈ ker η a then |π * ,a (A)| = |A|. Take η a as the connection form (the standard choice).
Consider a regular curve β : R −→ S 2 (r) ⊂ su(2), , 1 , u → β(u). As usual, β will be parametrized by the arc length and letβ be a horizontal lift of β. This means that π(β(u)) = β(u) for all u ∈ R and β (u) * β (u), k = 0. Hereβ(u) * =β(u) T , and a T denotes the transpose of the matrix a. The inner product on su(2), the tangent space of M 3 (c) at the identity, is X, Y = α X,
The complete lift of β, namely π −1 (β) is a flat surface in SU(2) and it is usually called the Hopf tube over β. In [11] we find a method for constructing all flat tori in S 3 . See also [12] . Denote π −1 (β) by H β . It can be naturally parametrized by
In fact we can prove that the metric g restricted to H β can be expressed as
Hence we have proved the following: If β is a closed curve, i.e. β(u + L) = β(u) for all u ∈ R, then the relation F (t, u) =β(u)a t defines a covering of the (t, u) plane onto the immersed torus in M 3 (c), called the Hopf torus corresponding to β. One can easily see that, if β is a great circle in S 2 (r), then the Hopf torus H β is minimal in M 3 (c). Proof. We know that
which is orthogonal both to ξ and γ . It follows that ∇ γ γ is collinear to the normal vector to H β . Hence, γ is a geodesic on H β .
Periodic magnetic trajectories on M 3 (c)
In this section we show that the set of all periodic magnetic trajectories on M 3 (c) can be quantized in the set of rational numbers.
First of all, we find a relation between the intrinsic geometry of the magnetic curve and those of its projection on the sphere S 2 (r). We state the following result.
Proposition 5.1. If γ is a magnetic curve on M 3 (c), then the projection curve β is a circle on S 2 (r) of geodesic curvature
where κ and τ are (constant) curvature and torsion of γ in M 3 (c).
Proof. For any a ∈ M 3 (c) ≡ SU (2) we have
Let γ be a magnetic curve on M 3 (c) such thatγ = T 1 e 1 + T 2 e 2 + cos θe 3 , as in the previous Section. If β = π(γ), then
In the same manner we can compute
∇ denotes the Levi Civita connection on S 2 (r) we have
If ν 1 denotes the first (unit) normal of γ, we have
where ε = sgn(q).
Thus, the unit normal to β can be considered
Combing this with (5.1), we obtain 2 ∇β β = ε sin θ(q − 2 cos θ)ν β .
Therefore, the signed geodesic curvature of β is
Concerning the magnetic curve γ, we know [8] that its curvature (the first curvature) is κ = εq sin θ and its torsion (the signed second curvature) is τ = q cos θ − 1.
Since q 2 = κ 2 + (τ + 1) 2 , the conclusion follows immediately.
Consider now a periodic magnetic trajectory γ on M 3 (c), i.e. γ(s + L) = γ(s) for all s ∈ R. Then, the projection β is a circle on the sphere S 2 (r).
Conversely, take β a closed curve on S 2 (r) of length L enclosing an oriented area A, A ∈ [−2πr 2 , 2πr 2 ]. Letβ be a horizontal lift of β. Sinceβ(0) andβ(L) belongs to the same fibre, we haveβ (L) =β(0)a δ , δ ∈ R.
Usually, δ is called the holonomy number of the canonical principal connection defined in the circle bundle. See e.g. [13, 1] . For the classical Hopf fibration,β closes up if and only if there exists a positive integer m such that, after m consecutive liftings of β we getβ(mL) =β(0) and hence mδ = 2πp, with p ∈ Z.
We have seen that the Hopf torus H β is isometric to
The isometry type depends either on the length L of β, or on the area A enclosed by β on S 2 (r), namely A =
where dA is the area element of S 2 (r), and D is a domain on S 2 (r) such that ∂D = β. Notice that H 2 (S 2 (r)) = Z and area(S 2 (r)) = 4πr 2 .
We have:
Proposition 5.2. Let β be a closed curve on S 2 (r) of length L enclosing an oriented area A. Then, the corresponding Hopf torus H β is isometric to R/Γ, where the lattice Γ is generated by the vectors (2πα, 0) and
Proof. With previous notations we have thatβ(L) =β(0)a δ , for some δ. It is clear (due to the form of the metric on H β ) that the group of deck transformations for the covering mentioned above is generated by the translations (2πα, 0) and (δ, L).
We have to find δ. It is known that δ = If β is the projection of a magnetic curve on M 3 (c), then it is a circle on S 2 (r). Denote by R its radius, R ≤ r. We have
Since γ is a periodic (closed) geodesic on the Hopf torus H β , it corresponds to a segment in R 2 (with identified ends). This segment is in fact the diagonal of a parallelogram constructed by taking m vectors in the fibre, hence m times (2πα, 0) and n vectors in the horizontal direction, i.e. n times ( A 2r 2 , L), n ∈ N. Thus, the direction of the magnetic trajectory γ is given by
If we put σ = cot θ (here θ is the contact angle of the curve γ) and call this quantity the slope of γ, we have
2nR .
Hence we get
We can state the following result.
Theorem 5.1. The set of all periodic magnetic curves of arbitrary strength on the Sasakian space form M 3 (c) can be quantized in the set of rational numbers.
Proof. Taking into account that r = √ α 2 we conclude that the slope of a periodic magnetic trajectory corresponding to the circle β of radius R on the sphere S 2 (r) satisfies the following quantization principle
6. Periodic magnetic curves on S 3
We know that magnetic curves in Sasakian manifolds are helices of order 3 (see [8] ). In particular, for the unit sphere S 3 we have a model helix given by (6.1) cos ψ cos(as), cos ψ sin(as), sin ψ cos(bs), sin ψ sin(bs) , where s is the arc-length parameter and a, b and ψ satisfy
See e.g. [9, 14] . This helix lies on a torus whose mean curvature is constant H = cot(2ψ). In fact, every helix with both curvature and torsion different from zero is congruent to one of these helices.
It is not difficult to show that the helix (6.1) is periodic if and only if a = 1/ p 2 sin 2 ψ + cos 2 ψ , b = pa, where p is a rational number. Moreover, all these helices project (via Hopf fibration) to (small) horizontal circles on S 2 ( 1 2 ).
In the following we give an example of a periodic magnetic trajectory on the unit sphere S 3 and we draw the picture of its stereographic projection on R 3 .
Consider the curve γ : I −→ S 3 defined by − cos θ and θ is constant. Then, γ is a normal magnetic curve corresponding to the contact magnetic field of S 3 and with strength 1, for which θ expresses its contact angle. According to [10] , the curve γ is periodic if and only if ω is a rational number. In fact the periodicity condition obtained by Ikawa in [10] is nothing but the quantization result obtained by Cabrerizo et al. in [7] .
In the following we take θ = arccos 29 37 , equivalently to ω = We know that γ lies on a Hopf tube in S 3 . In the following picture we plot the image of this tube under the stereographic projection we have mentioned before. We conclude this paper with a criterion of periodicity for magnetic curves in S 3 . As a consequence of Theorem 3.13 in [10] we may state the following. where q is the strength and θ is the constant contact angle of γ.
